Linear State-Space Models

September 3, 2024

The material in these notes draws from several sources, including Chapter 6 of S&S,
Chapter 11 of Chan (2010), and the online textbook Applied Time Series Analysis which

was written by the authors of the MARSS software for R.

Introduction to a Simple State-Space Model

State space models give us yet another way of writing out a model for our time series. In
this section, the notation we use will differ slightly. The observed time series that we intend
to analyze has values y1,...,y,. Let’s work through a small example! For a univariate time

series of length n we assume

Yr = axy + vy Observation Equation
Ty = Qxy_1 + Wy State Equation,

where v; "% N (0, 02), wy "% N (0,02) and 2 = . The state equation looks like an AR(1)

model, but values of the AR(1) process x; are not observed, and it differs from an AR(1)
model insofar as the initial state is assumed to be fixed. Rather, a linear transformation y,
of the states xz; are observed with some additional normal noise. To emphasize, we observe

values of 1, but we do not observe values of x;.


https://atsa-es.github.io/atsa-labs/

Predicting, Filtering, and Smoothing the States and Forecasting

the Time Series

2 2

For now, let’s assume that we know o7, o, a, ¢, and p. Having assumed a state-space

model, we might be interested in:

e Predicting, i.e. estimating future values of x; given past values of y;_1,..., 11
— For example, computing E [z3]y;] and V [xg]y;]

e Filtering, i.e. estimating future values of x; given current and past values v, ...,y
— For example, computing E [z2|y1, y2] and V [xa|y1, o]

e Smoothing, i.e. estimating a past value of x;_; given all observed past, current, and

future values y,, ...,y

— For example, computing E [z |y, y2] and V [x1|y1, o]

As usual, we might also be interested in forecasting future values vy, s given yi, ..., Yn,
which will require prediction of the states because we will need to compute E [z, x|y1, - - ., Yn].
Even if we do know the values of these parameters, how do we go about predicting, filtering,
and smoothing?

The first step is to realize that we can write out the joint probability distribution of y
and x. Because we have assumed that the errors v and w and the initial value z; is fixed,

we know that the joint distribution of y and x is given by:

vy E [y] | Viy]  Covly, x| | 0

x E [x] Cov|y,z] V]z]

Why is this useful? Well, predicting, filtering, smoothing, and forecasting all correspond

to different conditional mean and variance estimation problems, and when we have a normal



joint distribution and know its parameters, it’s easy to figure out any conditional distribution
we want! We can see this most easily in the case of smoothing, which corresponds to the
problem of estimating the conditional means E [xz|y] and variances V [x|y]. Before we go

further, a very useful property of the multivariate normal distribution is that:

u a C D
If ~N : , then

v b D E

— The marginal distributions of w and v are given by
u~N(a,C) and v~ N (b, E)
— The conditional distributions of u|v and v|u

uv~N(a+DE "' (v-b),C—-DE'D)
vlu~N (b+DC ' (u—a),E—DC'D)
We can use these facts to find the conditional distributions of the states & given the data

y and accordingly, the smoothed estimates of the states, but first we’ll simplify the joint

distribution a bit. We can simplify E [y], V [y], and Cov [z, y].
e It’s pretty straightforward to see that E [y| = o [x]

e A bit of algebra lets us rewrite V [y]

Viy| =E[(y —Efy]) (y —E[y])]
=E[(a(x—E[x]) +v) ((a(x - E[z]) +v)]

= a*V [x] + 01,.



e A bit more algebra lets us rewrite Cov [z, y]
Cov[z,y] =E [(z — Elz]) (y — E [y])’]

— E (@ — E[a]) (az — aF [z] + w)']

= aV [x]

Plugging these expressions into 2 yields a nicely structured normal distribution,

vy N alE [x] | a*V [x] + 021, aV[z] | o)
T E [z] aV [z] Vz]

Using our normal distribution facts and (2), we can return to the smoothing problem

zly ~ N (E[z] + aV [z] (a®V [&] + 021,) " (y — aE [2]),

V [x] — a®V [z] (a®V [] + agIn)_lV [:c]) :

The smoothed values of the states are given by the conditional mean

E[z] + aV [z] (a®V [@] + 02L,) " (y — aE [z]),

and our uncertainty about them is quantified by the conditional variance,

1

V[z] — a®V [z] (a®V [x] + 021,)  V[x].

Predicting and filtering can be done similarly by identifying the marginal joint distri-

bution of a state and the corresponding observed values, and computing the corresponding

conditional distribution.

e We can obtain predicted means and variances of the states x; given the past observed
values of the time series 1, ...,y;—1 by letting u = z; and v = (y1, ..., y—1), using our

marginal and conditional normal distribution facts;

e We can obtain filtered means and variances of the states x; given the past and current



observed values of the time series 1, ..., y; using our marginal and conditional normal

distribution facts, letting u = z; and v = (y1, ..., y).

Forecasts follow straightforwardly. We have assumed y; = az; + v, so it is natural to

define a forecasted value of y,, 1 as

E [YntklVas - Yn] = aB [Tpnsk|yr, - - Yn) s

with variance

V Wnik¥1, - - Yn] = &V [Zosk|y1, - - - Yn] + 02

In general, even though we can figure out any conditional distribution we want, it would
be very computationally burdensome to figure out each conditional expectation one by one.

Fortunately, the Kalman filter allows for fast, recursive estimation of:
e Predicted means and variances
e Filtered means and variances
e Smoothed means and variances
e Forecast means and variances.

The existence of a fast algorithm to compute all of these quantities is essential in practice.

e Kalman Prediction & Filtering: The Kalman prediction and filtering algorithms
work together, iteratively computing the predictions, prediction variances, filtered val-
ues of x;, and variances of the filtered values, starting at time ¢ = 1. To aid interpreta-
tion of the algorithm, predictions and their variances are printed in blue, while filtered

values and their variances are printed in red.

Ve 1|yt e
= Efzdlyr, oo s ye—1] = GE [2e-1]y1, - -7Z/tf2]+(aﬁ[)xt[i|;1|%/.%.,y£;]j]ai) (Ye—1 — aE [zi—1|y1, ..., yi—2])

2V[ze_1|y1,..., -
= Vizyr, .- y] = 05 + 0V [z alyr, ..o 42 (1 - az(\l/[zfifi\yjllzf.l..',yt?;]i]o%)

Vize|yi,..., Yo
— Eludlys,oou] =E oy, o] + (il s ) (- o oy, - o))




2V[xily1,..., Yi—
= Viwdyoou] = Vizdy, o me] (1 gl )

e Kalman Smoothing: Kalman smoothing works in reverse, starting at time ¢t = n—1.
It uses the Kalman predictions, filtered values, and their variances. For each value of

t, the smoother starts at s = 1 and proceeds until s = n — t.

— The smoother first computes an expectation:

E [xt|y17 e 7yt+s] - ]E[xt|y17 e uyt+sfl] +

al [(ze —Elzelyr, .- ye—1]) (Ters — Ezeaslys, - - o, Yers—1])] (
a®V[zoys|lyr, s Yeps—1] + 02

Ytrs — B [Teyslyr, - Yers—1])
— Then some covariances as well:

E[(z¢ —E[zeyr, . yi—1]) (@45 — E[@egs|yr, - -, Yegs—1])] =

a’V [$t+571|y1, s 7yt+sf2]

E —-E Y s—1 — ¢E s— ooy Ytbs— 1-—
OE [(24 [x¢]y1, Yi-1]) (@ers—1 — OE [2445-1|11 Y+ 2})]( a2V Ters1[Y1s - s

— And finally a variance:

E [(ft -E [xt|yla cee 7yt—1]) (»’% —-E [$t+s|ylv .-

s—2] +05>

\Y =V [z|y1, ... 1] —a?
[z¢]y1, Yits] [z¢]y1, WYits—1] —a ( Q2V[xt+s|y1a-~-ayt+sfl}+0'12;

The intuition motivating these algorithms is closely related to the intuition behind the
Durbin-Levinson algorithm, which we saw when we studied forecasting. The basic idea
is that the algorithms let us avoid repeated computationally expensive matrix inversions by

exploiting relationships between the values we want to compute.

Estimating the State-Space Model Parameters

2

v

So far, we've assumed that the parameters 02, 02, a, ¢, and u are known. In practice, a is
often assumed to be fixed and known at a = 1 but we may need to estimate the rest of the
parameters from the data. This requires maximizing the marginal likelihood of the data

y, having integrated the latent time series & out. This is given by:

p(ylol, o0, a,6,p1) = /p(ylwmﬁ,a)p(ﬂu, ¢, 05) dx. (3)

Maximizing over an integral is tricky!

.,st_ﬂ)F)



Direct Maximum Marginal Likelihood

Fortunately, our normal distribution facts tell us that the marginal distribution of y is
y ~N (aE[z],a*V [z] + 071,), (4)

which means that the integral can be evaluated to a normal density for y equal to:

1
- ex
V21 \/]a®V [z] + 021,

where |A| refers to the determinant of the matrix A. If we could maximize this over

p{~(—dEl2) (@*V[a] +02L,) " (y - aE[a]) |

02,02 a,¢, and p, then we'd be all set! Unfortunately, evaluating the marginal likelihood

requires inverting an n X n matrix, which can be very computationally expensive. It would
be better if we could write the marginal likelihood as a function of just the data and output

from the Kalman predictor, filter, or smoother. Fortunately, this is possible!
Let r, = y; — aE [z¢|y1, ..., y—1] be the one-step-ahead forecast errors with variances
Vrdys, .- ye1] = a®V x|y, ..., y:-1] + 0. Conveniently, it’s possible to use our normal

distribution facts to show that we can write the likelihood in terms of the residuals as

- r - 1 r2
p) Lo 0elinsevoies) = e {5711 exp{ - T
t_l_I2 ! ! V21 /V [r] 2V [rq] tzl_[? N T 2V [relys, -5 ye1]

()

Defining the likelihood in this way doesn’t quite get us out of the woods - although we
can evaluate it quickly given values of 02,02, a, ¢, and p, it is still difficult to maximize (5)
over 02,02 a,®, and p jointly as written because they all affect the values of 7 as well as the

variances. Fortunately, we can take a computationally simpler approach which maximizes

(5) by picking starting values of the parameters 02, 02, a, ¢, and p and then iteratively:

e Fixing 02,02, a,¢, and p and computing r accordingly, using the Kalman prediction

algorithm;

e Maximizing (5) over 02,02, a, ¢, and p for fixed r.

This iterative process continues until the likelihood (6) or successive values of the parameters



02,02 a,¢, and u converge. This is a popular way to compute maximum likelihood estimates

of 62,62, a, ¢, and p, but it can be difficult to work in practice because the second step of

2

maximizing (5) over o2 02 a,$, and p for fixed 7 is still a tricky nonlinear optimization

problem.

Expectation-Maximization (EM) Maximum Marginal Likelihood

One other way we can compute maximum likelihood estimates of 02,02 a,, and p is to
use the expectation-maximization (EM) algorithm, which is an algorithm for maximizing a
function that corresponds to an integral over some latent variables, which in this case are
the latent states x;. The EM algorithm allows us to maximize the marginal likelihood in (3)
by maximizing E [log (p (y|x, 02, a) p (x|p, ¢,02)) |1, - . ., Y] using an iterative procedure. It
isn’t immediately obvious how this helps us, but we will get a sense by working simplifying

the conditional expectation of the joint log-likelihood:

E [log (p (y‘wv 01213 a) p (m|ﬂ’a ¢7O-12u)) |y17 s 7yn] =

E

10g (P (y1|1'17012;7 a) p (1’1|/J) Hp (yt|xta Ugva) p (‘Tt‘xtflv ¢703))> |y17 cee 7yn‘| =

t=2

K — ﬁlog (012)) —

1 & 2
20_2 ZE{(yt_axt) ‘y1>"'ayn:| -
vot=1

2
(n—1) 9 1 < 2
B IOg (O'w) — ﬁ ZE |:($t — ¢$t_1) ‘yl, . ;yn:| =
t=2
1 n
K- glog (02) = 53 2_E (v — 20uE [welyn - yn] + a”E [2]y1, . ym]) = (6)
v =1
(n—1) 2 1 & 2 2 2
5 log (aw) - ﬁz (IE [xt|y1, e ,yn] — 20K [xzi—1|y1, .-, yn] + O°E [a:t_1|y1,...,yn}) -
w =3
1

202 (E [‘r§|yla cee 7yn] - 2¢/~LE [$2|y17 cee 7yn} + (252/142) )

where z; = p. where K is a constant that doesn’t depend on the data y, or the latent
states @, or the state-space parameters a, ¢, 02, 02, and u. We can maximize the marginal
likelihood in (3) by picking starting values of the parameters 02, 02, a, ¢, and p and then
iteratively:

2

w?

e Fixing the parameter values a, ¢, 02, 02, and p and computing the expectations

E [z¢|y1, ..., yn] and E [z;2-1|v1, - . ., ys) using output from the Kalman smoother;
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e Fixing the expectations E [x¢|y1, ..., y,] and E [xi21]y1, . . ., y,] and maximizing (6)

over a, ¢, 02, o2, and .

This iterative process continues until the likelihood (6) or successive values of the parameters
02,02 a,¢, and p converge. It’s common to refer to the first step as the E-step, because
it involves computing expectations, and it is common to refer to the second step as the

M-step, because it involves maximizing a function. This approach is computationally much

2

2 02, a,¢, and u enter into the

simpler than the previous one, because the parameters o
M-step in much more convenient ways. In fact, there are closed form solutions to the M-
step, i.e. we can write down formulas for the values of 02, 02 a,¢, and u that maximize
(6) when the expectations E [z¢|y1,. .., ys] and E [xiz;1]y1, ..., y,] are held constant! The
main disadvantage to using this approach is that it can converge very slowly. In practice, we

often use a hybrid of both approaches, by using the results of a (possibly unconverged) EM

algorithm as starting values for a direct maximum marginal likelihood estimation procedure.

More General Linear State-Space Models

Let’s make things a little more generall We can incorporate covariates z;, and allow the
linear transformation from the states x; to the observed data y; to depend on time by letting

a depend on time, denoted by a;:

Ui = @y + 2y + Observation Equation
Ty = Q1 + 24U + wy State Equation,

where v, "% N (0,02, wy S N (0,02) and z; ~ N (1, 02) and a; is either fixed and known

or known up to a constant, i.e. a; = ac; where ¢; is fixed and known but a is not. The
Kalman prediction, filtering, and smoothing algorithms we discussed in the simpler case can
be extended to quickly compute predictions, filtered values, and smoother values for the more
general model. The maximum likelihood estimation procedures can likewise be generalized

to estimate o2, 02 ¢, a, 7y, v, and p from the marginal likelihood of the observed time series.

9



In state-space models, seasonal effects are often included via the inclusion of covariates
in the observed data process, z,. For example, if the data is observed daily but weekly effects
are expected to be present, we might include day of the week indicators in z;. Alternatively,
we could include the covariates z; in the state process. Usually, we only include the covariates
in one process or the other, i.e. we either set v = 0 and estimate v from the data or we
set v = 0 and estimate « from the data. Additionally, state-space models can be used to
perform stochastic regression with a single covariate, the values of a; correspond to the
values of a single covariate. If this is the case, we can think of z; as a time-varying regression

coeflicient.

Getting Into the Weeds

It can be valuable to derive closed form expressions for E [x] and V [x] to delve into the
implied marginal distribution of the data under the state-space models discussed here. First,

we derive E [z] and V [z].

T = p+ zZjv
Ty = ¢ (p+ 2 v) + zhv + woy
T3 = ¢To + w3 = ¢ (1 + 2)V) + ¢zhv + 25V + Pw, + w3

Ty = ¢rs +wy = ¢° (u+ Z\v) + $*Zhv + 924U + 24U + P*ws + dw; + wy

k k
m ="+ <Z gzs“z;) v+ (Z <;s’“'wi>
=1

=2

k
E [z = ¢ '+ (Z qzﬁk_iz;) v

i=1

t
\V4 [xt] _ 0_1211 quQ(t—i)
=2

min{s,t}

Cov [z, ] = 02, Z P st > 1
=2

Cov [z1,2,] =0  for all k.
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Combining this with what is known about the marginal distribution of y based on prop-
erties of normal distributions and letting t = (1,...,n), we have:
t—1 > 7, o
y ~ normal ao(gb_,u+Zv>+Z'y, ,
0 02Qo(aa’)+ oI,
where ‘o’ refers to the elementwise Hadamard product, z;, = (Z;l gbt_"zg), and wgy =
o2 Zﬁg{sﬂ’tﬂ} ! t5+20=9) I the special case where a; = a,
t—1 5 o, o
y ~normal | ¢ (ap) + Z (av) + Z~,
0 aza?uQ +0—2In—l
Note that when ¢ = 0, Z = Z. This model assumes that the observations y, are centered
around a rescaled multiple of the starting value u, a weighted sum of the past and present
covariate values, and the present covariate value. Note that a, ¢, 02, and o2 are subject to
the constraints that a?02 Q+02I,,_; and € are positive definite, to ensure that the marginal

likelihood and conditional distributions of the states are well defined.
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