Stochastic Volatility Models

September 3, 2024

The material in these notes draws from several sources, including Section 10 of Chapter
6 of S&S, Section 4 of Chapter 11 of Chan (2010), and a very nice paper documenting the

stochvol package for R by the software’s author, Gregor Kastner.

Introduction to the Stochastic Volatility Model

The stochastic volatility model is a nonlinear state-space model, which provides an
alternative to the ARCH and GARCH models we discussed previously.

For a univariate time series of length n we assume

yr = exp {h/2} v Observation Equation
(he — pn) = ¢ (hee1 — pp) + wy State Equation,
where 6| < 1, v, "% N (0,1), w, "% N(0,02) and hy ~ N (un, 02/ (1 — ¢?)). The state
equation is still a simple AR(1) model, but the observations y; are a nonlinear function of

the latent states.

Thus far throughout the course, our process has proceeded as follows:

1. Specify a model for a time series y that involves some latent variables and a handful

of parameters;

2. Find the marginal likelihood maximizing values of the parameters;
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3. Compute conditional means and variances of the states and forecasts by plugging in

the marginal likelihood maximizing values of the parameters.
We run into two serious computational problems when we work with this model.

(x) The full conditional distributions of the states given the observed data are not available

in closed form, nor are the corresponding conditional means and variances

— Because this we don’t have computationally efficient or speedy ways of comput-
ing the predictions E [h¢|yy,...,y:—1] and their variances V [hi|yr, ..., y—1], fil-
tered values E [h|yi, ..., y:] and their variances V [h¢|yy, . . ., y:], smoothed values

E [h¢|y] and their variances V [h;|y], or forecasts E [y, x|y| and their variances
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w?

V [ynsk|y] even if we treat the parameters py,, o2, and ¢ as known.

(%) It’s impractically difficult to maximize the marginal likelihood over the parameters py,,
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o, and ¢, which we would usually use to construct our predictions, filtered values,

smoothed values, and forecasts.

Approximating the Smoothed State and Forecast Values and Their

Variances

Let’s consider the the first problem (x). It turns out that when the full conditional dis-
tributions are not available in closed form, we can approximate the conditional means and
variances via simulation. Consider smoothed values E [h;|y] and their variances V [h;|y] -
they correspond to the means and variances of the conditional distributions of the states
given the data, e.g. p(hily) = [p(h|y)dhsy...dh,. If we could simulate m values of the

states W, ..., ™ according to the p (h|y), then we could approximate the smoothed val-



ues and their variances with the sample mean and variance of the simulated values:

1o
Elhulyl = —> b’ (1)
mia
1 « 1 «— i
V [hely] ~ —— M — =N
(] y] m_li:1<t m;t
Fortunately, there are very powerful Markov Chain Monte Carlo (MCMC) methods
for simulating from any distribution that we can write out if we know how the density depends
on the random variable(s) we want to simulate, even if we don’t know the normalizing

constant. For this problem, we want to simulate values of the random variable h according

to

p(hayygbnufwagu)
p (Rly, ¢, pn, 02) =
(R ) p (Y|, pin, 02)

_ p(ylh)p (lo. . 02)

P (Y|, n, o3)
something we can write out as a function of h

normalizing constant that we don’t know, but which doesn’t depend on h’

This means that those powerful methods can be applied to get simulated values h(l), cee R
We won’t get into the details in this class, we’ll just use software that does this behind the
scenes. Given a specified number of simulated values the user desires, m, the software will
return m simulated values h(l), e R to us. Then we can approximate the smoothed

values and their variances using (1). There are two important things to keep in mind:

e Successive simulated values h(l), cee h(™) may not be independent. This means that
the m simulated values h(l), e ,h(m) may contain less information than m indepen-
dent draws from p (h|y, ¢, s, 02). One way of quantifying the amount of information

hi™

in each set of simulated values hgl), cee is to compute the effective sample size.

— Without getting into the details, effective sample size takes a possibly correlated

set of sampled values from a distribution, e.g. hgl), .. .,hgm), and returns an
estimate of the number m’, the number of independent draws BE”, U Eim') that



would be needed to get the same variance. This is a tricky concept, but the key
idea is that the effective sample size is a better way of quantifying how much
information is in each set of simulated values hgl), N hgm) than m, the actual

number of simulated values.

e We need to choose m to be large enough to get a good approximation of the smoothed
values and their variances. There are lots of different ways of assessing whether or not

m is large enough, but no hard-and-fast rule to go by. Some ad-hoc checks include:

— Examining the effective sample size m’ for each set of simulated values hgl), cee him),

and asking if that’s a number we’d feel comfortable with if we were doing a simple
random sample to estimate a population mean.
— Visually examining the trace plots for each set of simulated values hgl), cee hgm).
A trace plot just plots the simulated values of hgl), e ,hgm) on the y-axis in the
order they were drawn. The approximate smoothed values and variances may
be bad approximations if the trace plots show any slowly varying or systematic

trends. If there are slowly varying or systematic trends, increasing m and/or

thinning, i.e. not saving every simulated value, can help.

— Repeating the procedure of drawing m simulated values h(l), ..., k™ several
times, and comparing the approximate smoothed values and their variances each
time. If m is large enough, each repeated procedure should produce nearly iden-

tical approximate smoothed values and their variances.

— There are also various diagnostic tests that you could implement, but we won'’t

discuss them here.

This tells us how to approximate the smoothed values and their variances, but what

about the forecasts and their variances? Given m simulated values h(l), cee h(m), we can

simulate a future state value h,,; and a forecast y, ., according to the stochastic volatility



model. More specifically, we would do the following for each value of 7 for [ =1,... k:

+l NN(H@ ‘|‘¢l)( n+l—1 NE?) 7‘7121;(i)> and yr(ziJ)rl ~N<O,exp{hgll}>.

Then, we can approximate the k-step ahead forecast and its variances:

1
E [Yntrlyrs- - yn] = Zyn+k and V [ynyxly1, .- ., Yn) ~Z< *EZ ) - (2

Analogously, the k-step ahead prediction of the state and its variance can be approximated:

2
1 m
E[hpyrlyr, - yn] = — Zh&)rk and V [hpykly1, ..., yn] = EZ < Sik thfik> )

In general, most statistics software that uses MCMC methods to simulate latent states
under time series models like the stochastic volatility model will just return draws from the
conditional distribution of the states h given all of the observed data y, which means that
the output is not useful for computing the within-sample predictions or filtered values of the
states and their variances because they correspond to means and variances of conditional

distributions of states h given some of the observed data.

Dealing with the Stochastic Volatility Parameters

Now let’s consider the the first problem (). So far, we've assumed that the parameters o2,
¢, and uy are known. When we worked with the linear state-space model, we estimated the
parameters by maximizing the marginal likelihood of the data y. Unfortunately, that just
isn’t feasible when we are working with the stochastic volatility model. Under the stochastic

volatility model, the marginal likelihood of the data y is given by:

p(vlo%0m) = [ p(wlh)p (bl 0.02) dh. (1)
Neither of the two methods we discussed in the linear-state-space setting is feasible here.

e Direct maximum marginal likelihood is not feasible because we don’t have con-

venient distributional facts that tell us what the marginal distribution vy is.



e Expectation-maximization (EM) maximum marginal likelihood, which maxi-
mizes E [log (p (y|k) p (k|pn, ¢, 02)) ly] is not feasible because E [log (p (y|k) p (B|pn, ¢,2)) y]
cannot be simplified to depend on a handful of conditional expectations that we can
compute easily and quickly. Some more details explaining this are provided for any

especially curious readers at the end of these notes.

Saved by the Bayes!

It turns out that assuming prior distributions for the parameters o2, ¢, and u; can help us
out, even though doing so appears to make our model more complex. We often call models
that include prior distributions for the parameters Bayesian models, although there are
other ways of thinking about a model that includes parameters for the parameters.

If we assume prior distributions for the parameters, then instead of computing the condi-
tional expectations and variances we need for prediction, filtering, smoothing, and forecasting
for fixed, marginal likelihood maximizing values of the parameters o2, ¢, and py,, we will
compute the conditional expectations and variances we need for prediction, filtering, smooth-
ing, and forecasting averaging over possible values of the parameters o2, ¢, and yy,. To make
this more explicit, consider the smoothed value E [h;|y]. When we assume prior distributions

for parameters o2, ¢, and puy, it is defined as:

E [fu]y] = / hap (B b, in, 02 ly) dhy . .. dhoddpndo®, (5)

which can be thought of as a weighted average of possible values of h;, where the weights
are how likely each value of hy is given the observed data, a set of parameter values, and
a set of other state values ho, ..., h, and we average over all possible parameter values and
other state values. When we are thinking of this as a Bayesian model, we will often refer to

p (h, ¢, iy, 02 |y) as the posterior distribution, which is proportional to the joint likelihood



of the data y, the states and the parameters:

p h? ) 70-3_)7
p (R, pn,0ly) = (1,0, pin, 9, 9)
p(y)

_ p(ylh)p (hlun, ¢, 035) p (k1) p (6) p (07)
p(y)

)

where p (i), p(¢), and p (02) are the densities corresponding to the prior distributions we

assumed for py,, ¢, and o2.
We can use the same MCMC methods we discussed previously to simulate values the
(m) 2(1) 2(m)

statesh(l),...,h(m)aswellastheparametersgb(l),...,ng ,,uh,...,ph ,and oy, ..., 0w

according to p (h, @, pn, o2 |y). The MCMC methods proceed iteratively:

e Simulate b according to p <h|y, A ,ugf_l), 0121)(1'—1)>

e Simulate ¢ according to p (¢|y, DY, ai(i_l))

e Simulate pﬁf) according to p <Mh|y, R, gb;f), Ui(i_l))

e Simulate alzu(i) according to p <ai|y, h(i), ¢D, ,u;(f)>-

Each of these steps can be handled by standard MCMC methods, because we can write out
each conditional distribution up to a normalizing constant.

One we have collected m simulated values from p (h, ¢, iy, 02 |y), we can approximate the
smoothed means and variances of the states just by taking the sample means and variances
of each set of simulated values, as described in (1). We can also use the m simulated values
from p (h, ¢, un, 02 |y) to approximate the forecasts and their variances as described in (2),
as well as the out-of-sample predictions of the states and their variances as described in
(3). In order to understand what the data and priors combined suggest about the values
of the parameters ¢, uy,, and o2, we might also want to examine the approximate marginal
posterior distributions of the parameters, p(¢|y), p (unly), and p (o2 |y). Approximations
can be obtained by examining histograms and kernel densities of the draws ¢, ..., @™,

,u(l), ceey #glm) and o2V Sy Ui(m), respectively. In particular, we might want to approximate



the posterior means and variances of each parameter, e.g.

m m 2
E[gly] ~ Z ¢ and V [ply] ~ %Z <¢(i) _ %Z gZ5(z‘)>
i=1

Choosing Priors

To actually take this approach, we need to choose prior distributions for the parameters. In
practice, people often assume normal distributions for continuous parameters, gamma distri-
butions for positive parameters, and beta prior distributions for parameters that constrained
to an interval and select values for b,, By, ag, by, and B,z that reflect their prior beliefs

about the parameters:

1 1
pn ~ N (b, B,), (94 1) /2~ B(ag,by), and o2, ~ G (shape = §,rate =35 > :
o5

These priors have some interesting special cases and properties:
e When ap = by = 1, we get a uniform prior for ¢ on [—1,1].
e This gamma prior for o7, is the same as a x7 prior for 02 /B, .

Ideally, we would have well informed beliefs about likely values of all of the parameters,
however in practice we are often quite uncertain. For this reason, we will usually try to choose
uninformative priors, which are very weakly concentrated about plausible values. If two
different priors are both very uninformative, the posterior distribution p (h, ¢, s, 02 |y) will
be similar under both priors because the data contributes more information to the posterior
than the prior. To clarify what this means a bit, recall that we the posterior can be written

as proportional to the product of some likelihood terms and some prior terms:

informatlon from data mformatlon from prior

o Wlh) b (Rl 6.02) 2 (i) 7(0) 7 (03)
p(y) '

p (h’a ¢7 Hhs Ui’y) -

One way to check how informative a prior is is to compare the posterior distribution for

a parameter to the prior distribution - if the posterior distribution looks a lot like the prior



even when we have a lot of data, then we might have used a prior that is more informative
than we had intended. We might also try several different priors and compare results - the
results for one prior look very different from the rest, then that prior might be stronger than
we had intended.

In general, common uninformative priors for parameters of this model include:

e Set b, = 0 and B, to be very large, e.g. B, = 1,000, which gives a prior for p, that is

weakly centered about 0.
e Set ag = 1 and by = 1, which gives a prior for ¢ that is weakly centered about 0.

— We need to be pretty careful with this prior distribution, because uninformative
priors suggest that the state process is as likely to be white noise as it is to be
non-stationary. This can be both implausible and computationally troublesome,

which is why some software uses more informative priors for ¢ by default.
e Set B,2 = 1, which gives a prior for o2 that is weakly centered about 1.

Whenever you use any software, you should check what the defaults are!

Appendix

Expectation-Maximization (EM) Maximum Marginal Likelihood for the Stochas-
tic Volatility Model One other way we can compute maximum likelihood estimates of
o2 ¢, and py, is to use the expectation-maximization (EM) algorithm, which is an algorithm
for maximizing a function that corresponds to an integral over some latent variables, which
in this case are the latent states h;. The EM algorithm allows us to maximize the marginal
likelihood in (4) by maximizing E [log (p (y|h) p (h|un, ¢, 02)) |y] using an iterative proce-

dure. It isn’t immediately obvious how this helps us, but we will get a sense by working



simplifying the conditional expectation of the joint log-likelihood:
E [log (p (ylh) p (hlun, ¢,0%)) ly] =
E IOg (p(y1|h1) h1|/1’ha¢), w H yt|ht7 ht|ht 1»¢> w)) |y] =
L t=2

K- %log (1 — ¢2) — §log (agj) +

[ 1(¢ v 1-¢?
E|l—= (S n - I -
2 (Zl et exp{ht}> 202 (b = pn)* 202,

t— w

(Z (e — ) htl—mf) |y]=

t=2

_1 CN oy _n(1=9%)up
K 2log (1 qS) 2log (aw) 202 + (6)

(ZE [hely] + 47 E [exp {—hi} y]) +
¢2

1
2
1

555 (E [Pily] — paE [haly]) +
1

otz (Sl et

t=2

- % < Cpn (@ —=1) by + 2¢pn (1 — ) E [ht71|y] — 2¢FE [htht1|y})>
W\ t=2

where 1 = p. where K is a constant that doesn’t depend on the data y, or the latent states

h, or the parameters ¢, o, and p;,. The problem we have is that (6) depends on conditional

expectations that we don’t have a closed form way to compute, even when the parameters
are ¢, 02, and yy, fixed. This means that we don’t have a speedy way to do the E-step of the
EM-algorithm. There is a vast literature on approximating the FE-step, but EM algorithms

that use an approximate E-step tend to be very slow and may converge especially poorly so

we won’t consider them.
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